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Numerical methods are commonly used to calculate the noise radiation from vibrating structures to evaluate
the acoustic performance of a particular design. Improvement of the design is then often achieved through trial
and error. Although automated numerical optimization techniques are extensively utilized in some fields of struc-
tural design, their application to acoustic problems has been limited. The design of radiating structures for mini-
mal sound radiation is a multidisciplinary problem that involves large numbers of design variables, complex
objective functions, and computationally expensive computations. In this paper, methods for the design optimiza-
tion of "quiet" structures using mathematical programming techniques are investigated. The objective of the
study is to determine effective, general design methods for determining the optimal design of flat plates with
clamped edges that minimizes the total radiated acoustic power. Variable thickness of isotropic structures and
variable composite material property distributions are considered. Acoustic response is minimized either at a sin-
gle frequency or over a wide frequency bandwidth. Radiated sound power is calculated using a discretized Ray-
leigh integral formulation, in conjunction with a finite element solver SAP4 for the solution of the structural
problem. The structural analysis program and optimization procedure (SAPOP) is used.

I. Background
A. Introduction

RECENT advances in acoustic analysis, materials science, and
computing technology are gradually changing the process of

designing quiet structures. Where designers were once forced to
rely heavily on past experience, art, and sometimes a little luck, a
more organized, scientific approach is now possible. New struc-
tural and acoustic analysis techniques now make it possible to pre-
dict the acoustic performance of complicated mechanical struc-
tures before fabrication. Recent advances in computing resources
and optimization procedures have made numerical optimization
feasible for complex structures with many design variables. How-
ever, the design of structures for minimal sound radiation is a mul-
tidisciplinary problem that involves large numbers of design vari-
ables, complex objective functions, and computationally
expensive calculations. These qualities can pose severe obstacles
to the successful use of numerical optimization techniques.

The objective of this paper is to develop and to demonstrate
methods for automated optimal design of acoustically radiating
structures. Potential structures that can benefit from this optimal
design procedure to reduce noise include lightweight noise barri-
ers, automobile engine cover panels, and aircraft fuselage panels.
With very slight modifications, the same procedures may also be
used to maximize the performance of systems where acoustic radi-
ation is desirable, such as audio loudspeakers and acoustic drivers.

B. Literature
Shape, sizing, and topology optimization techniques are becom-

ing well-known tools, particularly for the design of static struc-
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tures where the quantity of interest is minimum deflection, stress,
or mass. Good examples of these methods may be found in the de-
sign of aircraft structures.1"3 With the advent of more powerful
personal computers it is now possible to apply these same success-
ful techniques to problems that were previously neglected due to
their computation intensity or multidisciplinary nature, such as the
problem of structural-acoustic design.

The design of quiet plate and shell structures requires consider-
ation of both the vibrational and acoustic responses. Several refer-
ences in the literature have addressed the vibrational response of
structures. These include a minimum cost design of a rectangular
plate under acoustic and blast loading reported by Rao.4 Yildiz and
Stevens5 maximized the system loss factor of a plate by optimum
thickness distribution of an unconstrained visco-elastic damping
laminate. References 6 and 7 have employed a technique that en-
deavors to remove natural frequencies from undesirable frequency
bands of lightly damped structures. The material distribution of
flat plates or beams for controlling the frequency of the first struc-
tural mode was addressed in Refs. 8 and 9. Placement of nodal
lines as a design objective by optimal mass distribution was ad-
dressed by Ref. 10.

Shape optimization techniques have also been extended recently
to coupled structural-acoustic problems. The transmission loss of a
sandwich panel was optimized in Refs. 11 and 12. Several objec-
tive functions are evaluated and the authors point out that the
choice of objective functions is crucial to the success of the opti-
mization. Finite element analysis and a Rayleigh integral formula-
tion have been used without optimization to evaluate the noise ra-
diation from engine rocker covers.13 Shape optimization has also
been applied to the acoustic design of automobile intake and ex-
haust systems.14'15 The efficiency of several structural-acoustic op-
timization formulations for rectangular flat panels using thickness
distribution is presented in Ref. 16.

II. Method
Thin plate or shell elements are a basic component of many

noise-producing structures and are therefore an important element
in any strategy for the design of quiet structures. In this study, the
optimal thickness or mass distribution of flat plates is determined,
which minimizes the total radiated sound power over a wide fre-
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quency bandwidth. The case considered is a flat, rectangular plate
that has built-in edges and is excited by a uniform force. The for-
mulation presented here is general in nature and is applicable to
the optimal design of any structure whose dynamic response can
be accurately analyzed by finite element analysis, and whose
acoustic radiation can be predicted using the Rayleigh integral.

The required equations for calculation of the structural and
acoustic responses, as well as a brief description of acoustic radia-
tion phenomena, are presented in the following sections.

A. Structural Analysis
Finite element analysis is used to solve the structural vibration

problem. The eigenvalue analysis of the plate is performed using
the SAP4 program.17 This program was chosen over some newer
commercial alternatives because of the availability of its source
code and thereby the ability to merge it easily with optimization
algorithms within a larger program structure.

Standard linear modal superposition techniques are used to cal-
culate the surface velocity at the nodal points of the structure from
the eigenvectors, assuming proportional damping (a modal damp-
ing ratio of £). The mean square normal velocity of the plate (v2

n}
is obtained by averaging the surface normal velocity vi over all n
node points of the structure:

(1)

where the second term in the equation represents the pressure at
the center of the element due to its own velocity, calculated using
Eq. (3).

The acoustic intensity / is evaluated on the surface of the plate
by:

7(r,)= V 2 R Q [ p ( r s ) v * ( r s ) ] (5)

where Re denotes the real part of a complex quantity and * the
complex conjugate.

The total radiated sound power W is obtained by integrating the
intensity over the surface S:

W = f / ( O dS
J.V

(6)

An alternative method for obtaining sound power is to integrate
the sound intensity over a hemisphere in the far field. However, in-
tegration over the surface is more computationally efficient than
integration over a hemisphere, except for low values of ka where
directionality is negligible. Surface integration requires sound
pressure calculations at far fewer points than integration over a
hemisphere in the farfield.

In discretized form for numerical computation, the power is
summed over each of the n total surface elements:

B. Acoustic Analysis
The acoustic radiation from a planar surface in an infinite baffle

may be calculated once the surface normal velocities are known,
by use of the Rayleigh integral formulation18:

*»-%!.v(rs)e
-jkR

dS (2)

where

p(r) = complex sound pressure at r
r = position of observation point

rs = position of elemental surface 85
K=\r-rs\

v (rs) = normal velocity of 85
k = acoustic wave number (co/c)

co = frequency, rad/s
p = mean density of fluid
c = sound velocity of fluid

W= (7)

where vm is the average velocity over the mth element, pm is the
average sound pressure amplitude, and Am is the element area. This
discretized approach provides good results provided that the size
of a surface element does not exceed approximately one-quarter of
an acoustic wavelength.

A commonly used measure of the sound radiation characteris-
tics is the radiation efficiency a. This is defined as the ratio of
power radiated by the structure in question to that of a uniformly
vibrating baffled circular piston of the same area S and with veloc-
ity equal to the average mean square velocity of the structure in
question (ka » 1):

a = W (8)

This expression results in a mathematical singularity when evalu-
ating the pressure on an element due to its own velocity since R =
0. The "self-contribution" of a rectangular element having uniform
velocity over its surface may be determined by evaluating the sin-
gular integral over the element area:

(3)

where 2a and 2b are the length and width of the surface element,
respectively. For the entire surface, the pressure is evaluated at the
centroid of the mth element having area A, by summing the contri-
butions due to the average normal velocity v/ (the average of the
four nodal point velocities for the /th element) of all n elements
using the discretized form of Eq. (2):

Pm = *

n _ -JkR, Avv Ai - r i ,10
^——R-—— + V^R-dS for (4)

The structural and acoustic equations were implemented in a For-
tran program using the Lahey F77L-EM/32 compiler for execution
on a 33-MHz 486 personal computer. The validity of the coupled
vibration-acoustic calculation was verified by comparison to the
closed-form solution for a simply supported square plate by Wal-
lace.19

A qualitative understanding of the physics of any problem is an
essential prerequisite to successful numerical optimization. The
computed radiation efficiency for the first six modes of a rectangu-
lar plate with clamped edges is shown in Fig. 1. The coincidence,
or critical frequency coc, is the frequency at which each individual
mode begins to radiate efficiently (o ~ 1) and is defined as the fre-
quency at which the structural wavelength equals the acoustic
wavelength. Below the coincidence frequency, the radiation of
acoustic energy is very inefficient:

CO, - C ^ + ^b (9)

where c is the sound velocity in air, p and q are the mode indices
(essentially the number of half sine waves in each direction on the
plate), a is the plate length in the same direction as p, and b is the
plate length in the direction of q.
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600 x 800 mm CLAMPED PLATE
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Fig. 1 Calculated radiation efficiency of first six symmetric modes
with mode indices (p, q) for a 600 X 800-mm clamped-edge plate.

The critical frequencies for each individual mode are indepen-
dent of plate thickness and are listed in Table 1. Also listed are the
natural frequencies and radiation efficiencies of the first eight
modes of a thin (4.92 mm) and a thick (12.3 mm) uniform thick-
ness plate with clamped edges. Since modes with natural frequen-
cies below the critical value have radiation efficiencies less than
one, the thin plate exhibits low radiation efficiency in each mode
since each mode is below its critical frequency. All of the modal
frequencies of the thicker plate except the fundamental are higher
than the critical frequency, resulting in values of radiation effi-
ciency approaching unity.

The frequency response of a uniform thickness (4.92 mm),
clamped-edge flat steel plate with dimensions (600 X 800 mm) in
response to a uniformly distributed force, is shown in Fig. 2. This
figure illustrates the fundamental acoustic behavior of a vibrating
plate and the acoustic superposition effects that occur when more
than one mode is excited. The natural frequencies of the plate can
plainly be seen as peaks in both the power and the mean square
velocity curves. The "waves" in the radiation efficiency curve are
due to the superposition of the mode shapes and efficiencies of the
individual modes. At low frequencies, the radiation efficiency is
small and the plate's vibrational energy is poorly coupled into
acoustic radiation. However, at high frequencies the efficiency
tends toward unity, and the sound power is proportional to the
mean square velocity.

From the preceding equations, a number of qualitative observa-
tions can be made that are useful to keep in mind when formulat-
ing the optimization problem and when reviewing the optimization
results. These include the following:

1) Minimizing the mean square velocity of the plate will de-
crease the radiated power of a structure.

2) To decrease the radiation efficiency of a given mode shape,
its natural frequency should be as far below its coincidence fre-
quency as possible.

3) Above critical frequency, radiated power is proportional to
mean square velocity.

4) At any frequency below coincidence, a modal pattern with as
many zero crossings (or nodal lines) as possible is most desirable
for minimum radiation efficiency.

III. Mathematical Programming Problem
Formulation

A. Problem Definition
The minimization of radiated sound power from a vibrating

structure is a multidisciplinary, computationally intensive problem
having the potential for large numbers of design variables and con-
straints. Mathematical programming techniques were chosen for
this study due to their flexibility in formulation of objective func-
tions and constraints and the existence of several proven optimiza-
tion algorithms.

Following standard notation, the general form of the nonlinear
programming problem may be stated as follows20:

Find a vector of design variables

b = (bi,b2, ... ,xndv)

which minimizes the cost or objective function

f(b)

subject to equality constraints

/*;(&) = 0 i = ! , . . . , />

and inequality constraints

Upper and lower bounds on the design variables also may be
imposed such that fc;

ower < bt < b"pper . Mathematically and numer-
ically, these are usually treated like inequality constraints. The
structural analysis program and optimization procedure (SAPOP)
program21 was chosen for this problem due to its proven efficiency
and utility. This package features a number of optimizer algo-
rithms that can be applied interchangeably to suit the particular de-
mands of a given problem. The particular optimizer used in this
study used the hybrid SQP-GRG algorithm,22 which employs the
sequential quadratic programming (SQP) search direction and the
generalized reduced gradient (GRG) line search. This algorithm
features good convergence and is applicable to nonlinear problems
with large numbers of variables and/or constraints. Other optimiz-
ers in the SAPOP package include a sequential linear program-
ming (SLP), SQP, and GRG. For performance comparison, the

Table 1 Cut-on frequencies for plate modes and natural
frequencies /„ and radiation efficiency values a for the first eight
modes of 600 X 800-mm constant thickness (4.92 and 12.3 mm)

plates with clamped edges

h = 4.92 mm h = 12.3 mm
Mode (/?,<?)

1,1
1,3
3,1
3,3
1,5
3,5
5,1
5,3

Critical fc, Hz
355
705
885
1070
1110
1375
1445
1565

/n.Hz
110
305
480
665
685
1030
1170
1245

a
0.14
0.07
0.11
0.08
0.14
0.13
0.17
0.03

/„, Hz
270
750
1185
1625
1680
2520
2860
3035

a
0.68
1.34
1.61
1.39
1.34
1.08
LOO
.98

600 x 800 x 4.92 mm PLATE

0 200 400 600 800 1000 1200 1400 1600 1800 2000
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Fig. 2 Calculated frequency response of a 4.92-mm thick, 600 X 800-
mm clamped-edge steel plate (upper curve=power, lower curve=radia-
tion efficiency).
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CONMIN program,23 which uses the method of feasible direc-
tions, was also used for a few cases.

The choice of design variables, constraints, and objective func-
tion specific to the acoustic problem are described next.

B. Design Variables
The dynamic performance of an isotropic structure depends on

the distribution of mass, stiffness, and damping. These properties
can be altered by addition of lumped masses, layered damping ma-
terials, and changes in geometry such as thickness. The actual
choice of design variables is dictated by the specific performance
and manufacturing realities of the problem to be solved. Panels
with continuous or stepped thickness variation may be appropriate
and feasible in some cases, such as in molded plastic or machined
metal parts. With stamped sheet metal parts, the placement and
size of formed bends or stamped-in stiffening ridges would be a
natural choice for design variables. Weldments offer the ability to
add stiffening ribs or lumped masses. The location and size of sur-
face-mounted constrained-layer damping treatments are also via-
ble choices in some instances. The use of fiber-reinforced compos-
ite materials introduces additional parameters that may be used as
design variables such as fiber ply angles, ply thicknesses, and fiber
volume fraction. In this study, thickness and mass distribution are
used as design variables for isotropic plates, and volume fraction
distribution is used for a fiber-reinforced composite sandwich
plate.

1. Thickness Distribution
The isotropic plates in this study are modeled using the SAP4

thin shell element. This element is a constant thickness, plane
stress element with four nodes and six degrees of freedom per
node, which is capable of orthotropic behavior.17'24

The thickness of each shell element can be used as a design vari-
able as in Ref. 16. However, for models with a large number of
elements, this can easily result in far too many variables for effi-
cient numerical optimization. This can also result in highly irregu-
lar structures, with large thickness variations from element to ele-
ment. Higher order finite elements, which allow thickness change
across an element, may also be used at the expense of additional
degrees of freedom per element.

A parametric description of thickness, such as a bicubic polyno-
mial, or a bicubic spline may be used to reduce the total number of
thickness variables and to smooth the resulting optimized surface.
In the polynomial form, the thickness distribution as a function of
x, y position on the plate, h(x, y), may be described by a polyno-
mial of order N:

(10)

where Btj are constant coefficients that become the design vari-
ables for the optimization. The thicknesses of each finite element
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Fig. 3 Single frequency optimization results for rectangular plate (in-
itial thickness 4.92 mm) thickness distribution.
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Fig. 4 Broadband frequency optimization results for rectangular
plate (initial thickness 4.92 mm) thickness distribution for a) 1:4
bounds on thickness variables and b) 1:10 bounds on thickness vari-
ables.

are calculated at their centroid using Eq. (10). Upper and lower
bounds on thickness are imposed using inequality constraints of
the form

gl.= -L-l and &.= -=» (11)

A bicubic spline is used in this study to interpolate thickness val-
ues from a set of specified spline points.25 The thickness at each
spline point becomes the design vector b. This technique has the
advantage over the polynomial form in that simple upper and
lower bound constraints can be placed directly on the spline point
thicknesses, since the fitted surface must pass through those
points. An additional advantage of using the spline over the poly-
nomial form is that each design variable is of the same order of
magnitude, and no rescaling is necessary.

2. Composite Material Property Variation
A fiber-reinforced composite sandwich construction is modeled

with SAP4. This construction consists of a low modulus, light-
weight core with a low shear modulus (such as an aluminum hon-
eycomb), and balanced face plies of graphite/epoxy laminates. A
three-dimensional solid element with eight nodes per element is
used to model the core material. Thin shell elements are used to
model the surface plies. These face plies are constructed in two
layers, one layer with fibers running in the x direction and the sec-
ond with fibers running in the y direction. Each layer is composed
of parallel strips of equal width. Within each strip the volume frac-
tion is constant, but each strip can have a different volume frac-
tion. The volume fractions of the strips are the design variables for
optimization. The width of each strip is the same as the width of
the finite element. For an n X m finite element mesh, this results in
n + m design variables.

The stress-strain relations for an orthotropic material with fibers
running in the 11 directions are26'27

(12)

{e} = y12}

1
(l-v1 2v2 1) •"22

0

0

0 (l-v1 2v2 1)G1 2
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Fig. 5 Comparison of broadband optimal designs using CONMIN
and SQP-GRG algorithms.

The individual terms of the [ C] matrix:

En=EfVf+(l-Vf)Em

E22 = (l-Vf)Ef

GG,
'12-

-22

_H
7"
^11

(13)

(14)

(15)

(16)

(17)

where / and m denote properties of the fiber and matrix, respec-
tively; E is the elastic modulus; G is the modulus of rigidity; and
Vf is the fiber volume fraction. Similar relations can be written for
fibers running in the 22 direction.

The combined stress-strain relation matrices for the two equal
thickness layers, one with fibers running in the x direction, and the
second with fibers in the ;y direction, are found by averaging the
contribution of each:

{[C]x+[C]y (18)

where [C]x and [C]y refer to the individual matrices for the layers
with fibers running in the x (11) and 3; (22) directions, respectively.

C. Objective Functions
Numerous possibilities exist for formulating a performance

measure suitable for use as an objective function,/(£). A previous
paper examined the acoustic optimization problem formulation
and identified effective objective functions for minimization.16

The choice of an appropriate objective function is itself a compro-
mise between speed and accuracy. Three objective function formu-
lations are examined in this study and are described next.

1. Radiated Sound Power
The average sound power over a frequency bandwidth is calcu-

lated by integrating the acoustic power [(Eq. 7)] over the desired
frequency interval/span =/max -/min:

Wdf (19)
span* J min

The integral is evaluated by evaluating power at nfreq discrete fre-
quencies and using a trapezoidal rule approximation.

In this study, either single frequency excitation (and single fre-
quency response) or multiple frequency excitation (and banded
frequency response) were considered. Several frequencies were
examined for the single frequency case. For the banded frequency
case, 150 frequency increments were used over a frequency range
of one decade. Lower and upper bound constraints were placed on
the design variables.

In many instances, it may be desirable to specify, in addition to
upper and lower bounds on the thickness variables, a maximum
plate mass. This is accomplished using an inequality constraint of
the form

(20)

where mplate(jc) is the calculated mass for the present design, and
mmax is the specified mass limit. This constraint is linear with re-
spect to the design variables and is considered to be violated when
its value becomes positive.

2 . Radiated Sound Power with Constant Mass
One physically intuitive approach to varying the plate geometry,

while maintaining a constant mass, is that any material that is
added to one plate element must be taken from another element on
the plate. The receiving element must have a positive sensitivity
(power decreases with increasing thickness), whereas the "donor"
element must have a less positive (or negative) sensitivity for a net
power reduction to occur. A new design variable a/ is used that de-
scribes the material sharing between a pair of elements:

and xi = (2 - a^XQ / = ! , . . . , ndv/2 (21)

where xh is the thickness of the more sensitive element, x l is the
thickness of the less sensitive element, ndv is the original number
of design variables (the number of finite elements), and XQ is the
initial thickness of the elements (and also the average thickness).

The two elements in each pair are chosen after an initial sensi-
tivity analysis on all of the thickness variables. The variables are
then rank ordered (rank = r) and paired off, xr to for r =

a) 4 X 5 SPLINE POINTS

b) 6 X 8 SPLINE POINTS

c) CONSTANT MASS
(DESIGN VARIABLE PAIRING)

Fig. 6 Optimum thickness distribution for 600 X 800-mm plate to
minimize power from 90-900 Hz: a) 4 X 5 spline points, b) all variables
(48), and c) constant mass objective.
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1,. . . , ndv/2. A new sensitivity analysis is then performed on the
reduced design variables ah and the optimization then commences.
Besides guaranteeing constant mass, this formulation also has the
advantage of halving the number of design variables. This simpli-
fies the optimization process and halves the time spent performing
sensitivity analyses. Upper and lower bounds are placed on the
sharing coefficients at to maintain the actual thicknesses within
specified limits. This formulation implicitly results in thickness
limits that are symmetric about the initial thickness value. The ob-
jective function in this case is also the radiated acoustic power, cal-
culated as in Eq. (19).

3. Minimum Mass with Upper Bound Power Constraint
All of the objective functions mentioned up to this point are

highly nonlinear with respect to the design variables; however, the
mass constraint is a linear function. The use of mass as an objec-
tive function, with power included as a constraint, may potentially
result in a more well-formed problem for some optimization algo-
rithms. The objective function in this instance is the total mass m
of the structure:

f3 = m = 2,*Ap (22)
i = 1

and the inequality constraint that limits the maximum power is

W§3 M = ~ l + -r- (23)

where p is the mass density, A is the element area, «el is the total
number of elements, and Wmax is the maximum allowable sound
power.

Although the objective function is now linear with respect to the
design variables, the inequality constraint is highly nonlinear. This
may adversely affect the efficiency of some optimization algo-
rithms. The CONMIN algorithm, for instance, could not find a
good optimal solution in this case (it could not find a solution that
was significantly better than the initial constant thickness design),
whereas the SQP-GRG algorithm had no problem in finding an op-
timal solution.

4. Other Objective Functions
Historically, some of the first efforts to optimize dynamic per-

formance did so by maximizing the fundamental frequency of the
structure, to force the lowest resonance to be above an objection-
able frequency range. This can be formulated as a conventional
minimization problem by using the inverse of the fundamental fre-
quency as the objective function. Other choices for objective func-
tions include minimizing the radiated power at the resonant fre-
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Fig. 7 Frequency response of original design of sandwich composite
plate (constant Vf = 0.40) and optimized design.

Fig. 8 Optimum volume fraction distribution for one-quarter of a
600 X 800-mm plate that minimizes the radiated power from 90-900
Hz (center of plate is upper right corner).

quencies, minimizing the mean square velocity, minimizing the
radiation efficiency, or forcing the structure to vibrate in a pre-
determined modal pattern.

D. Choice of Constraints
The numerical values of the lower and upper bounds on design

variables depend on the actual problem to be solved. In practice,
the physical bounds on design variables are a function of the mate-
rial and the manufacturing process to be used. In addition, other
factors, such as maximum allowable stress or maximum deflec-
tion, may limit the design space. Limits on element aspect ratio or
thickness variation from element to element may also be necessary
to insure modeling accuracy, depending on the boundary condi-
tions and the type of finite element used in the analysis. In general,
any optimization procedure must have sufficient design freedom to
find an acceptable solution. Typical optimizers work more effi-
ciently with wide bounds on design variables and as few inequality
constraints as possible.

IV. Applications
A. Problem Description

A flat rectangular plate with a 3:4 aspect ratio and dimensions of
600 X 800 mm was studied. Two optimization approaches are em-
ployed: 1) determine the optimal thickness distribution of an iso-
tropic (steel) plate, and 2) determine the optimal volume fraction
distribution of a sandwich composite plate.

Each case was designed to be dynamically similar, with the ini-
tial designs all having the same natural frequency of 108 Hz. For
the broadband cases, a 90-900 Hz frequency band was used,
which encompasses the first five symmetric modes of each plate.

Symmetry was employed in the finite element analysis to reduce
the required number of elements. One-quarter of the plate was
modeled by 48 elements ( 6X8 mesh) for the isotropic material
cases and 84 elements (9X12 mesh) for the composite material
plate. Each element was described by a constant thickness. A zero
slope boundary condition was enforced along the two edges of the
model that correspond to the centerline of the plate. As a result of
the assumed symmetry, only the modes that are symmetric about
the centerlines of the plate are calculated. In acoustic terminology,
these are called the nonsymmetric or odd modes because they have
an odd number of half sine waves in their mode shapes. These
modes are the most significant contributors to acoustic radiation
because they have the least amount of inherent self-cancellation at
frequencies well below coincidence.18 The mesh refinements were
chosen as compromises between the mutually exclusive goals of
modeling accuracy (both structural and acoustic) and minimizing
the number of elements. A modal damping ratio of ^ = 0.02 was
found from experiments to be representative of a flat plate with
clamped edges. The material properties for each case are listed in
Table 2.
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Table 2 Material properties used in analyses

Composite
Material property
E modulus, GPa
Density, kg/m3

Poisson ratio, v
G modulus, GPa

Isotropic plate
207

7.85£3
0.30
79

Fiber
230

1.20£3
0.23
50

Matrix
3.5

1.74E3
0.30
1.35

All of the optimizers used in this study require the user to pro-
vide sensitivity information at each design step. This was deter-
mined using divided difference (a 0.05-mm perturbation of each
design variable was used).

B. Thickness Distribution Results
The acoustic performance as a function of frequency of a steel

plate of constant thickness 4.92 mm is shown in Fig. 3. Single fre-
quency optimizations using the SQP-GRG algorithm were per-
formed at frequencies corresponding to the minimums of the fre-
quency response curve (290, 450, 620, and 800 Hz). Lower and
upper thickness bounds of 0.89 and 8.94 mm (1:10 ratio) and an
initial thickness of 4.92 mm were specified. After optimization, the
sound power was reduced by 59, 53, 18, and 28 dB, respectively,
for the four frequencies as shown in Fig. 3.

The broadband power from 90-900 Hz was then minimized
using two different ranges of lower and upper bounds, 1:10
(0.894-8.94 mm) and 1:4 (1.97-7.87 mm). The results are dis-
played in Fig. 4 and demonstrate that wider bounds typically result
in lower optimums (13.2 vs 3.4 dB improvement). These cases re-
sulted in increases in the plate weight of 30 and 27%.

A comparison between the optimums found by the CONMIN
algorithm (2.1-dB improvement) and the SQP-GRG algorithm
(13.2-dB improvement) is shown in Fig. 5. The use of fewer de-
sign variables (4 X5 spline points instead of all 6X8 points) re-
sulted in an improvement of 3.7 dB. The thickness distributions
determined by the SQP-GRG algorithm for the cases with 4X5
spline points and all 6 X8 spline points are shown in Fig. 6.

The constant mass objective function formulation (Sec. III.C.2)
resulted in a power reduction of 8.4 dB and the thickness distribu-
tion shown in Fig. 6c. The objective function of minimizing the
plate mass (Sec. III.C.3), while maintaining the same radiated
power, was also effective and resulted in a mass reduction of 69%.

C. Composite Material Distribution Results
A sandwich composite plate with a 10-mm-thick core layer and

2-mm-thick graphite/epoxy surface plies was optimized for mini-
mum power at single frequencies and over a broad frequency
bandwidth. The starting point of the optimization was an initial de-
sign with all volume fractions equal to 0.40. Lower and upper
bounds of 0.0 and 0.90 were imposed. In each quarter of the plate,
the face plies were divided into nine strips running in the y direc-
tion (parallel to the long side of the plate) and 12 strips running in
the x direction.

A broadband optimization from 90-900 Hz resulted in a reduc-
tion of 8.8 dB. The frequency responses for the original design and
the broadband optimal design are shown in Fig. 7. The volume
fraction distribution of the optimal design is shown in Fig. 8,
where the solid lines represent the direction of the reinforcing
fibers and the density of the lines denotes the volume fraction.

V. Conclusions
It has been demonstrated that optimization of sizing and mate-

rial property variables can be effectively used to minimize the ra-
diated sound power from rectangular plates at a single frequency
or over a wide frequency bandwidth. Reductions are greatest for
single frequency inputs.

Several important lessons were learned, demonstrating that opti-
mization cannot be used simply as a "black box" to solve all prob-
lems, and a fast computer does not eliminate the need to under-

stand the underlying physics. The choice of an appropriate
objective function is critical to the success of numerical optimiza-
tion. Highly nonconvex objective functions may result in exces-
sive computations and trapping in local minima. Acoustic power is
the most direct measure of acoustic performance and, when used
as the objective function without weight constraint, produces the
most consistently improved designs. The disadvantages of using
radiated power are that it is costly to compute for many frequen-
cies and results in substantial weight changes (usually increases).
The constant mass formulation is effective, cuts design variables in
half, negates the need for inequality constraints, and is an effective
way to insure no mass change during optimization. Mass minimi-
zation, with constraint on maximum power, is effective provided
the optimizer used can handle the nonlinear constraint. For non-
isotropic plates, optimal distribution of the composite material vol-
ume fraction results in substantial reductions in broadband sound
radiation.

In closing, it should also be noted that the optimal solution is
highly dependent on the location and distribution of excitation
force, the structural finite element discretization, and the latitude
given for design variable variation. The sensitivity of the final an-
swer to the optimizer algorithm is an acknowledged limitation and
unavoidable frustration of numerical optimization techniques. The
specifics of each problem (degree of nonlinearity of objective
function and constraint formulations) dictate how well a particular
optimizer will perform. In practice, several different algorithms
are typically applied to the same problem, in effect, "optimizing
the optimizer."
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